Abstract. Let £ be the von Neumann algebra crossed product determined by a finite von Neumann algebra M and a trace preserving '-automorphism a of M. We study the invariant subspace structure of the subalgebra £+ of £ consisting of those operators whose spectrum with respect to the dual automorphism group on £ is nonnegative. We investigate the conditions for two invariant subspaces 911, and 9H2 (with Qu Q2 the corresponding orthogonal projections) to satisfy Qt -RVQ2R*V for some partial isometry R0 in £'. We use this analysis to find the general form of a o-weakly closed subalgebra of £ that contains £+ .
1. Introduction. This paper extends some of the results of [2, 3, 4 and 8] . We are interested in the invariant subspace structure of certain subalgebras of von Neumann algebras constructed as crossed products of finite von Neumann algebras by trace preserving automorphisms. These subalgebras are called nonselfadjoint crossed products.
The setting here is the following. Let M be a von Neumann algebra with a faithful normal finite and normalized trace <p, and let a be a *-automorphism of M such that <p o a = (¡p. Form the Hubert space L2 = /2(Z) ® L2(M, <p) and consider the operators Lx, x E M, and Ls defined on L2 by the formulae Lx = I ® x and Ls = S ® u, where S is the usual bilateral shift on /2(Z), and u is the unitary operator on L2(M, <p) that implements a. The von Neumann algebra crossed product determined by M and a is defined to be the von Neumann algebra £ generated by {Lx: x E M) (= £(M)) and Ls, while the nonselfadjoint crossed product is the a-weakly closed subalgebra £+ generated by £(M) and the positive powers of Ls. Let H2 be the subspace /2(Z+ ) ® L2(M, <p) of L2. We say that a subspace <D1t of L2 is invariant if £+ 9H Ç 91L. It is pure if C~)n>0 ££911 = {0}. If every pure invariant subspace 911 is of the form 91L = RVH2, where Rv is a partial isometry in the commutant of £, we shall say that the BLH theorem (i.e., the Beurling-Lax-Halmos theorem) is valid. (The BLH theorem is usually regarded as describing the invariant subspaces of the unilateral shift.)
In [4] it is shown that the following three conditions are equivalent:
(1) a acts trivially on the center of M. ( 2) The BLH theorem is valid.
(3) Each a-weakly closed subalgebra of £ that contains £+ is of the form Leñ © (1 -Le)t+ , where e is a projection in the center of M and a(e) = e.
In general, the BLH theorem is not valid. What we can do is study the conditions for two invariant subspaces 911,, 9lt2 to satisfy 911, = Rfl\l2 f°r some partial isometry Ä0 E £'. In [2] , M. McAsey used the notion of multiplicity function (associated with a pure invariant subspace) in the case where M is commutative and found that, in this case, two pure invariant subspaces 911,, 91t2, with multiplicity functions m,, m2 respectively, satisfy: m] < m2 if and only if £>, = RVQ2R*U (where Q¡ is the projection onto 911,) for some partial isometry Ru E £'. The multiplicity functions of pure invariant subspaces were further studied in [8] .
Our objective here is to extend this notion to the noncommutative case using an operator valued trace on £(M)' (see §2). Doing this, we manage to associate, with each pure invariant subspace 911, a function $(^(911)) on the maximal ideal space X of the center of M, such that ^(PCDH,)) =s ^(/»(gn^) if and only if g, = RVQ2R*V for some partial isometry Rv E £' (so that 911, = Rjüt2).
The validity of the BLH theorem is related to the maximality of 4>(P(H2)) among the functions that can be obtained as </>(^(91t)) for some pure invariant subspace 911. This set of functions is completely described in Theorem 3.7, which is the main result of §3.
In §4 we find the general form of a a-weakly closed subalgebra of ß that contains £+ (see Theorem 4.5).
We also show (in Proposition 3.10 and Corollary 4.6) that our results really extend results of [3 and 4] .
We tried to keep our definitions and notations as close as possible to those of [3] .
We also want to note that throughout the paper, "a projection" always means "an orthogonal projection" and "a subspace" means "a closed subspace."
2. Preliminaries and the definition of </>. Let M be a finite von Neumann algebra with a faithful and normal finite trace (¡p. We will assume that M is in standard form and identify it with the von Neumann algebra of left multiplierions on L2( A/, cp) (see [7] ). The algebra A/' is its commutant on L2(M, <p). Since M has a generating and separating vector, M' is also finite. We will write Z for M D M' and identify it with LX{X, v) for some locally compact Hausdorff space X with a probability measure v such that (fdv = <p(f), feu°(x,v).
Jx
We fix once and for all a normal, *-automorphism a of M which preserves <p; i.e., 9 o a = ¡p. The following proposition appears in [3] . Proposition 2.1. Let L2, = {/: Z -> M; f(n) = 0 for all but finitely many n}. Then with respect to pointwise addition and scalar multiplication and the operations defined by equations (l)-(3), L2, is a Hilbert algebra with identity \¡/ defined by \¡/(0) = IM, and («) = 0,«^=0.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use Neumann algebras with 51' = £. We call L°° the selfadjoint or uon Neumann algebra crossed product determined by M, <p, and a and refer to £ and 51 as the left and right regular representations of it. The original algebra M is identified with the subalgebra {xty: x E M) of Lx, and we write Lx (and Rx) for Lxx¡/ (and Ä,^). We have, for/ E L2, (Lx/)(ii) = */(«) and (Rxf)(n)=f(n)a»(x).
f E L2,}", 6Jl = {Rf: f E L2,}". Also, we define L°° to be the achieved Hilbert algebra of all bounded elements in L2. For such an/, we write Lf and Rf for the operators it
We write £(M) = {Lx: x E A/} and 5l( A/) = (Äx: x E A/}. If we let Ô be defined by o(n) = 0 if n ¥= 1, 0(1) = /w, then it is easy to check that £ is the von Neumann algebra generated by £(Af) and Ls and, similarly, 5L is generated by 51 (A/) and Rs.
The automorphism group {ß,}teR of £ dual to a in the sense of Takesaki [9] is implemented by the unitary representation of R, {W,}reR, defined by (Wtf)(n) = e2'""f(n), /EL2; that is, ß,(Lf)= W,LfW*. Similarly, ß,(Rf) = WtRfW*. It is easy to see that ß,{Lf) = Lwf for / in L00 and similarly for Rf. One can check that the spectral resolution of {W^},eR is given by The restriction of En to L00 will be denoted by e", and we shall write en(L/) = Le(/) and e"{Rf) = Rc (fy We have e"= fle-2wi%dt, where the integral converges in the a-weak topology when applied to operators.
We define H2 = {/ E L2: /(«) = 0, n < 0}, and we let #°° be L00 n #2. We refer to H°° as the nonselfadjoint crossed product determined by M and a. Also, we set £+ = {Lf. f E #°°} and 5l+ = {Rf: f E Z/00}.
The algebra £+ (resp. 5l+ ) is the a-weakly closed algebra generated by Ls and £(M) (resp. Rs and 51(911)) (see [3, Theorem 2.2] ).
In studying the invariant subspaces of £+ we will need the following definitions.
We shall say that a subspace 911 of L2 is: left-invariant, if £+ 9H Ç 9H; left-reducing, if £911 Ç 91L; left-pure, if 91L contains no left-reducing subspace; and left-full if the smallest left-reducing subspace containing 9H is L2 (throughout the paper, a subspace means a closed subspace). The right-hand versions are defined similarly, and a subspace that is both left-and right-invariant will be called two-sided invariant. In order to shorten the writing, whenever we refer to a subspace as being invariant, reducing, pure or full, we mean that it is left-invariant, left-reducing, etc. The following result is Proposition 3.1 in [3] . If 9H is an invariant subspace, then the subspace 91 = 91L Q LS91L is a wandering subspace; i.e., Lg% and Lg% are orthogonal when n ¥^ m. We can write 91L = 2~=0©Li!918 91^, where 911^ = An"0L29H. Clearly 911^ is a reducing subspace and 2^=0 © L£9l is a pure invariant subspace. Since each reducing subspace is of the form ReL2 for a suitable projection e in Lx (see [5] ), the analysis of the invariant subspace structure of £+ may be reduced to the analysis of the pure invariant subspaces. For such a subspace 91L, denote by ^(911) the orthogonal projection onto 91L 0 LS91L. A projection on a wandering subspace will be called a wandering projection. Thus, with every pure invariant subspace 91L we have associated a wandering projection />(91t) such that the range of the projection S*=o Lj/>(91l)Ls" is 911. Also note that, since 911 is invariant, it reduces £( M) and, therefore, .P(91t) lies in £(A/)'. Conversely, if P, in £(A/)\ is a wandering projection, then the range of 2^=0 L^PL^", denoted 911(7*), is a pure invariant subspace.
It is shown in [3, Theorem 3.2] that when 911,, /' = 1,2, is a pure invariant subspace of L2, and Q; is the orthogonal projection onto 911;, then />(91L2) < /*(cfTL, ) (in £(A/)') if and only if there is a partial isometry Rv in 51-such that Q2 -RvQt R*v (in this event 91t2 = Ä"91L,). One can also check, following the proof of this result, that if P(9H,) ~ .P(91l2), then we can have RVR*V > Q2 and R*VRV > Qx.
Therefore, in order to analyze the invariant subspace structure we will study the relation " ^ " among the wandering projections of £( A/)'. We will do this using the £(Z)-trace on £(A/)' (where £(Z) = {Lc: c E Z) = £(M) n £(A/)'). Let 5\ = {P E £( A/)': P is a wandering projection}.
We will define an £(Z)-trace following [1, Chapter III, §4]. The algebra £(Z) is *-isomorphic to the algebra L°°(X, v) (since Z is *-isomorphic to £(Z)). Define % to
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use be the set of nonnegative measurable functions, finite or not, on X (we identity two functions in % if they are different only on a set of measure zero). In some cases we will write £(Z) instead of %. This should not cause any confusion since Z can be identified with £(Z).
Definition We note that when we write just "trace", and not "£(Z)-trace", we always mean a numerical trace. Proof. Let p be the unique, faithful, normal, center-valued trace defined, as above, by p(T) = E0<t>(T). For T E £0£( A/)'£0, R*SLSTL$R8 also lies in £0£( A/)'£0 (since R*SLSE0L^RS -R^EiRs = £0), and we can define p,(£) = ct-\p(R*sLsTL$Rs)), rE(£0£(M)'£0)+ (where a-'(£,£()) is defined to be that:
This is proved as follows: assume £ £ £; then g^ 5= ß£ and g£ -*-QE for some projection ß in £(Z); hence, £><>(£) = <t>(QE) < <t>(QE) = ô<i>(£), which contradicts our hypothesis.
(5) If ^>(£) = <i>(£) < oo, then E ~ F (follows immediately from (4)). Proof. We will use the following notation: whenever N is a. projection in L°°(X, i>), Ñ will denote a subset of X with N = Xn (unique when we ignore sets of measure zero). Conversely, when N is a subset of X, N is the corresponding projection in LX(X, v).
Suppose P lies in % and denote by Pn the projection link=0Ek (in %), then <t>(P") = (n+ 1)1. Since <t>(P) E £(£), $(P) = Lf,f<E %. Let Nk be the set \x E X: We now proceed to define, for each / E %, two other elements of %, to be denoted by /?(/) and y(/), that will play an essential role in the proof of the main result.
But first we define, by induction, a sequence {/}°L0 of functions in % as follows:
/o=/Al, /*=(/-SVJ A (l-*2 «*-"(/.))■ \ n = 0 / \ « = 0 / For each k, fk lies in £F0 (Lemma 3.3) and we can define ß(f) to be 1x=0fn = sup*2£=0/". For each k>Q,fk<f-2*I0/"; hence j8(/) </. Similarly, for each A:=*0,A< 1 -2*=¿ a*-"(/J; hence, 2 «-"(/J = a-*(/t + *2 «*""(/")) < a"*(l) = 1;
thus we can define y(f) to be 2£=0 «""(/") (= suP/t2*=0 «""(/")) and y(/) < 1.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use (1) Q" £ £0£(M)'£0, Qßj = 0 if i + j; (2)<l>ax=0Q") = Ly{n; (3)<t>(l~=0L"sQnL^) = Lß(f).
Therefore, Lß(f) and Ly(f) lie in </>(5),) (recall that 5>, is the set of the wandering projections in t(M)').
Proof. For each n > 0, a~"(f") lies in % (by Lemma 3.3). Also we have «"(/«) < 1; hence a~"(fn) lies in ß and, by the definition of ß, there is a projection Q" in £0£(A/)'£0 with <f>(ß") = £"-»(/J. Since Z™=0a~"(fn) < 1, we can choose {Qn)n=o in sucn a manner that ß"ßm = 0 whenever n ¥= m. From Lemma 2.4 we get <t>(L»8Q"L¿») = Lh and <t>(2x=0L"sQnLs") = Lß(f) (note that {LnsQnLs"}x=0 is an orthogonal family of projections since L"sQkL^n < £"). It is only left to prove that 2'x=0LgQnL$" lies in 51, (2^=o ß" clearly does, since Q" < £0 for each n). For this, it suffices to show that, for each k ¥= 0, Lks(L"sQ"Lsn)Lsk is orthogonal to L^QmLsm for every n, m E Z. be the operator 2X= -x LgWLg". Since W is a partial isometry with initial projection £,£e and final projection £, LgWLg" is a partial isometry (in £(A/)') with initial projection LngFxLQLg" and final projection LgELg". Therefore, U0 is a partial isometry in £(A/)' with initial projection £ß (condition (ii)) and final projection OO 00
2 E"sELg" < 2 EgF2LQLg" < £ß.
«= -oo n= -oo
Clearly, i/0 lies in 51 and, thus, from finiteness of 51, we get that its final projection is LQ. Now let U be the unitary operator (in 51) defined by U = U0 + (I -LQ), and we have UF{LQU* = UqF^LqU* = WFXLQW* = E and 00 2 L"sELg" = 2 L"gUF{LQU*Lg" = u{ 2 L"sF,LQLg") U* = ULQU* = LQ.
n--oo
In order to show <f>(£2£ß) = <p(£,£ô), we will show £2£ß = £. For this, define P -F2LQ -E; then PE = 0 and, for each n E Z, n ¥= 0, P is orthogonal to LgELg" because P < F2LQ, LgELg" «£ Lj£2£ß£^" and £2£ß is a wandering projection. Since 2X=_X LgELg" = LQ and P = PLQ, P = 0, and we are done. □ We also have ££ß < £0Lß, but since £0 is a finite projection (in £(A/)') and <i>(££ß) = <¡>(E0Lq) implies £Lß ~ £0Lß, then £0£ß = ££ß. Consequently, 00 00 00 2j E'gELçLg ' = 2à EsE0LqLs 2j Egh0Lg Lq -Lq.
n= -oo n = -oo n = -oo Also, 00 00 / 00 \ 2 E"gFLQLg" = 2 ¿s 2 EgQkLs \LS "LQ n= -oo H = -oo \ £ = 0 ' 00 / 00 \ = 2 ei 2 e* ¿¿""¿e = 2^£¿0¿r = lq.
n= -oo \A=0 /
Now we can use Lemma 3.6, with £, P in place of £,, £2, and we find that (¡>(FLQ) = <t>(PLQ), which is a contradiction. D Proposition 3.8. Suppose f lies in £F, a«¿, /or euery projection N, in C, q>(fN) = <p(N). Then there is some P E 5>, wifA <f>(P) = Lf and 2x=_xL^PLg" = I (i.e., the corresponding subspace is full).
Proof. From Lemma 3.5(1) we know that/= ß(f). Therefore Proof. One inclusion was already proved in Proposition 3.8. For the other, let P £ 5>, be a projection such that 91t(P) is full, i.e., 2x=_xLnsPLg" = I. Since
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use P £ 5V </>(P) = Lf and/ E f,. If for some projection A E C, <p(fN) < <p(A), then (f>(PLN) = LfLN < LN = (f>(E0LN). We can use Lemma 3.6 to obtain <$>(PLN) = 4>(E0LN), which is a contradiction. □ The next proposition was proved in [4] . We obtain it here as a special case of our analysis. Proof. (2) follows immediately from (1); hence it suffices to prove (1). Assume a fixes Z elementwise; then SF, = {/£ %: f< 1}, and for every pure invariant subspace 91L of L2 we have <KP(91t)Hl=<i>(£0) = </>(P(//2)).
From Corollary 2.5 it follows that 91L = RVH2 for some partial isometry v in Lx.
For the other direction, if a does not fix Z elementwise, then there is some nonzero projection A in Z with a(N)N = 0. Let/, in Z, be 1 + A -a(N); then/ lies in $2 and, thus, Lf = <f>(P) for some P E 5\ with a corresponding invariant subspace M that is full. If 911 = RVH2 for some partial isometry v E Lx, then ££911 = RvL"gH2 for each « £ Z. As 911 is full, RVL2 = L2, and Rv is a unitary operator because 51 is finite. Therefore, if we let ß be the projection onto 911, and ß0 is the one onto H2, then ß = RVQ0R^ and, consequently (Corollary 2.5), <f)(P) < </>(£0) = 1. But <i>(P) = Lf^ 1. Therefore, 9His not of the form RVH2. □ 4. Subalgebras of £. In [4] it was shown that, when a fixes the center of M, every a-weakly closed subalgebra of £ which contains £+ is of the form (1 -Le)t ® LJL+ for some projection e in C. We shall extend this result here.
Let 911 be a pure invariant subspace of £2; then 5J(9H) = {£/££:£/91Lç9H} is a a-weakly closed subalgebra of £ that contains £+ . Conversely, let 55 be such an algebra and 911, the subspace [55]2 (i.e., the closure, in £2, of 55). Then 911, is an invariant subspace and 911 = 911, 0 (~^n>0 L"s91L, is a pure invariant subspace of £2. We conclude that, in order to obtain all the a-weakly closed subalgebras of £ containing £+ , it is enough to consider those of the form 53(911) for some pure invariant subspace 911.
Suppose 91L, is a pure invariant subspace, for i = 1, 2, with tj>( P( 91L, )) = <í>(P(91t2)). Let ß, be the orthogonal projection onto 91L,; then, by the discussion in §2, ß2 = P"ß,P* for some partial isometry v E Lx, and R*DRV > Qx. Hence, by symmetry, 55(911,) = 55(9H2). It suffices, therefore, to consider, for each /Ef,, just a single pure invariant subspace 91L with <p(P( 91L)) = Lf. Such a subspace can be obtained by Theorem 3.7. The set of subspaces that can be obtained by the procedure of Theorem 3.7 will be denoted by S.
Lemma 4.1. W,91t = 911/or each t E R and 91L E §. Consequently, 0,(55(911)) = 55(911) and e"( 55(911)) Ç 55(911), n G Z.
Proof. Let P be P(91t) for some 91L £ S. Then P = Ix=0L'¿QnLg" for an orthogonal family {Q"}x=0 of projections in £0£(A/)'£0 (see Theorem 3.7) . It is enough to show that WtL"gPLg"W* = L"gPLg", n>0, t E R, because 911 is the range of 2^=0 L"sPLg". We fix n 3= 0 and t in R, and note that Wt= 2 e2"k'Ek and L¡PLS~" = 2 L"g+kQkLg"~k; LXP = 0} (P = P(91t)).
Proof. As was seen before, P = 2x=0L'gQ,Lg' for some orthogonal family of projections {ßX=0 in E0t(M)'E0, and Q = 2^=0£iP£s"" is the projection onto 911. Then Proof. We will distinguish between four cases:
(1) When n 5= 0, en = 0 and (*) is obvious. Henceen(l-a*(en-*)) = 0. (3) When rt < n < 0, then en_k = 0 and we have to show en^ek. This is clear since -n < -k.
(4) When n < k < 0, then e" = V;!,«-^^, ek = V^eT^e) and afc(eB_fc) = Vm=i-*a~m(i0-For 1 < w< -fc, a~m(e)^ek and for -A: + 1 < m < -n, a~m(e)<ak(en_k). Proof.
(1) Fix a projection e in £(Z). 55(e) is clearly a linear subspace of £ and contains £+ since ek = 0 for k > 0. Now, let T and S, in £, be £y and Lg, respectively, and assume they both lie in 55(e); i.e., for each k E Z, ek(T) = Lf(k)Lg and £^(5) = Lg{k)Lg both lie in (1 -e¿)£(A/)££ (see the remark following Lemma 4.4). We wish to show that en(TS) lies in (1 -e")t(M)L"s for n £ Z; this will prove that 55(e) is an algebra. But e"(TS) = Lu,g)(n)L"s, where (/*g)(n) = 2^=_00/(/c)a/[(g(« -A:)). Hence, it will suffice to show ¿/<*)«<(g(n-*)) G (1 -en)t(M).
Since L/w E (1 -ek)t(M)
and £g(n_A) £ (1 -e"_ft)£(Af), this follows immediately from Lemma 4.4.
The algebra 55(e) is also a-weakly closed since ek is a-weakly continuous for each k E Z and (1 -ek)t(M)Lg is a a-weakly closed subspace.
(2) Let 55 be a a-weakly closed subalgebra of £ containing £+ . By the discussion preceding Lemma 4.1, there is a pure invariant subspace 91L E § with 55 = 53(911). For P = P(91l), let e E £(Z) be the range projection of <¡>(P). We claim that 55 = 55(e). (2) £+ is a maximal a-weakly closed subalgebra of £ if and only if M is a factor.
Proof.
(1) Assume first that a fixes Z elementwise; then a m(e) = e for each e E Z and ek = e (with the notations of the preceding theorem). Hence, each such algebra is of the required form.
On the other hand, if a does not fix Z, then a(e)e = 0 for some projection e £ Z and 55(e) will not have the form (1 -Le)t + Let+ ■ and is different from £.
We conclude with the following result.
Proposition 4.8. Let % be a a-weakly closed subalgebra of £ that contains £+ and let 91L be an invariant subspace. Then 91L is ^-invariant (i.e., P9H C 91L for each T E 55) if and only //91L 0 £891L C e(L2), where 53 = 55(e).
Proof. We can write 9H as an orthogonal sum of a pure invariant subspace and a reducing subspace. The latter is clearly 55-invariant; hence we assume 911 is pure.
Then 91L is 55-invariant if and only if 55(911) D 55; i.e., if and only if e0 < e, where e0 is the range projection of </>(P(9H)). Since <f>(e) = e-oo, this is equivalent to <|>(P(91l)) < 4>(e). As <i>(P(91t)) < oo, this holds if and only if P(9H)^e (in £(A/)'). But e lies in the center of £( A/)' and thus 9H is 55-invariant if and only if P(9H)«e. D
